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Abstract. 

of a class of h-Fourier integral operators. These operators are bounded (re- 
spectively compact) if the weight of the amplitude is bounded (respectively 
tends to 0). 



1. Introduction 
For ip E S (M") (the Schwartz space), the integral operators 

(1.1) F^p (x) = // ei(^'(-'«)-?^«)a (x, d) ^ (y) dydO 



appear naturally in the expression of the solutions of the semiclassical hyperbolic 
partial differential equations and in the expression of the C°°-solution of the as- 
sociate Cauchy's problem. Which appear two C°°-functions, the phase function 
4> {x, y,0) — S (x, 6) — y9 and the amplitude a.. 

Since 1970, many efforts have been made by several authors in order to study 
these type of operators (see, e.g.,[31 [71 [5J O [S]). The first works on Fourier integral 
operators deal with local properties. On the other hand, K. Asada and D. Fujiwara 
([2]) have studied for the first time a class of Fourier integral operators defined on 
K". 

For the /i-Fourier integral operators, an interesting question is under which con- 
ditions on a and S these operators are bounded on or are compact on . 

It has been proved in [2 by a very elaborated proof and with some hypothesis 
on the phase function <f) and the amplitude a that all operators of the form: 

(1.2) (/(a,0)^)(a;) = // e'^^^^'-y'^ a{x.e ,y) ^ {y) dydO 



are bounded on where, x G E", n e N* and iV e N (if N ^ Q, 9 doesn't 
appear in (|1.2p ). The technique used there is based on the fact that the opera- 
tors / (a, (j)) I* (a, (j)) , /* (a, (j)) I (a, </>) are pseudodifferential and it uses Calderon- 
Vaillancourt's theorem (here / (a, (j))* is the adjoint of / (a, (j))). 

In this work, we apply the same technique of [2] to establish the boundedness 
and the compactness of the operators (|l.ip . To this end we give a brief and simple 
proof for a result of |2] in our framework. 

We mainly prove the continuity of the operator Fh on (K") when the weight of 
the amplitude a is bounded. Moreover, Fh is compact on (M") if this weight tends 
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to zero. Using the estimate given in [121 IE] for /i-pseudodifFerential (/i-admissible) 
operators, we also establish an L^-estimate of \\Fh\\ ■ 

We note that if the amplitude a is juste bounded, the Fourier integral operator 
F is not necessarily bounded on (M") . Recently, M. Hasanov 7 and we [1] 
constructed a class of unbounded Fourier integral operators with an amplitude in 
the Hormander's class Si i and in p| S'pi- 

0<p<l 

To our knowledge, this work constitutes a first attempt to diagonalize the h- 
Fourier integral operators on (K") (relying on the compactness of these opera- 
tors). 

2. A GENERAL CLASS OF ft,-FOURIER INTEGRAL OPERATORS 

If (/? e 5(M"), we consider the following integral transformations 
(2.3) {I{a,^;h)^){x)^ JJ e^'t'^-''^y^a(x,e,y)^{y)dy dO 

where, x S M", n e N* and iV e N (if iV = 0, 6* doesn't appear in (^3]) ). 

In general the integral (|2.3p is not absolutely convergent, so we use the technique 
of the oscillatory integral developed by Hormander. The phase function and the 
amplitude a are assumed to satisfy the following hypothesis: 

(HI) e C°°(R^' X X M;;,M) (0 is a real function) 

(H2) For all (a,/3,7) e N" x x N", there exists C^./j.^ > 

\d'^yd^ed»,0,y)\ < C„,^,^A(^-l"l-l'^l-l^l)+(x,0,y) 

where X{x,e,y) = (1 + \x\^ + \e\^ + \y\^Y^^ called the weight and 

(2 - \a\ - |/3| - |7|)+ - niax(2 - \a\ - |/3| - I7I, 0) 

(H3) There exist Ki,K2>0 such that V(x, 6, y) e «i x x Rj; 

Ki\{x, e, y) < \{dy4>, dg4>, y) < K2\{x, 9, y) 

(H3*) There exist Kl,K^ > such that, V(a;, 9, y) G x x R"^ 

KlXix, 9, y) < A(x, dg(j,, d^dp) < i^*A(x, 9, y) 

For any open subset Q. of R;' xM.^ xW^, ^iC^M. and p e [0, 1], we set 

r^(l]) {a e C°°{n) : V(a,/3,7) G N" x x N", 3C„,^,-, > : 

|ajafa>(x,0,y)l < c^,0^,\^-p^\"\+\i'\+\'<\\x,9,y)] 

When = R;' X X W^, we denote r^(r2) = F^. 

To give a meaning to the right hand side of (|2.3p . we consider g E 5(R" x R^ x 
R;;), 5(0) = 1. If a e r^, we define 

a^{x,9,y) = g{x/a,9/(T,y/a)a{x,9,y), a > 0. 

Theorem 2.1. If cf) satisfies (HI), (H2), (H3) and (H3*), and if a e T'^, then 

1. For all if e 5(R"), \ira.cr^+oo[I{o.<n4>]h)tp\(x) exists for every point x € R" 
and is independent of the choice of the function g. We define 

{I{a,4>;h)ip){x) := lim {I{acr, h)ip){x) 

cr— >+oo 
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2. I{a,(l);h) e /:(5(R")) and I{a,(p:h) e /:(5'(]R")) (here C{E) is the space of 
bounded linear mapping from E to E and 5'(M") the space of all distributions with 
temperate growth on R" j. 



Proof, see [5] or [TH propostion II. 2] 



□ 



Example 2.2. Let's give two examples of operators of the form ()2.3p which satisfy 
(HI) to {H3)*: 

(1) The Fourier transform Tijj {x) — Je^"^?/' {u) dy, G 5(]R"), 



(2) Pseudodifferential operators Ai/j (x) — {2n) " J e*'^ ^^^a {x,y,6) ^ (y) dyd6, 



3. Assumptions and Preliminaries 

We consider the special form of the phase function 

(3.4) (l){x,y,0)^Six,0)-y0 

where S satisfies 

(Gl) 5 6 C°°(M^ X R'e\R), 

(G2) For each (a, (3) e N^", there exist Ca^p > 0, such that 

|9,"9f5(x,0)|<C„,^A(x,0)(2-l"l-l^l), 
(G3) There exists 6o > such that 



inf I det 



dxd0 



[x,e)\ > So. 



Lemma 3.1 ( 11 ). Let's assume that S satisfies (Gl), (G2), (G3). Then the 
function (f>{x,y^0) = S{x,0) - y0 satisfies (HI), (H2), (H3) and (H3*). 

Lemma 3.2 ([II])- If S satisfies (Gl), (G2) and (G3), then there exists C2 > 
such that for all {x, 9), {x',0') e R^", 

(3.5) \x - x'\ + \0- 0'\ < C2 [\{deS){x, 0) - {dgS){x' , 0')\ + \0- 0'\] 
when 0^0' in ([XSl) . there exists C2 > 0, such that for all (x, x' , 0) e R^", 

(3.6) \x~x'\<C2\{dgS){x,0)-idgS){x',0)\. 

Proposition 3.3. If S satisfies (Gl) and (G2), then there exists a constant eo > 
such that the phase function 4> given in (|3.4p belongs to (Jl^ £(,) where 

= {{x,0,y) G r3"; \deS{x,0)-y\'' < eq {\xf + \yf + \0f)}. 

Proof We have to show that: 3eo > 0, 'ia,l3,^ G N", 3Cq,,/3,^ > 0; 



(3.7) aX9J0(x,0,2/) <C„A7A(2:,0,y)('-l"l-l^l-l''l\ V(x,0,y)er!^,,„. 



• Ifl 



1, then 



d^dld:^^{x,0,y) = d'^d^gi-t 







if |a| ^ 
if a = 



If |7|>1, then d^dld^y^{x,0,y) 



= 0. 
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Hence the estimate p.7p is satisfied. 

If I7I = 0, then Va, /3 e N"; |a| + |/3| < 2, BC^.p > 0; 

9,"9f<^(x,0,2/)| = (y0)| <C„,^A(x,0,y)(2-l"l-l/^l). 

If |a| + \I3\ > 2, one has d^d^(l){x, 9, y) = 9^ 9^5 (a;, 6*) . In fl^^^o we have 

1 /2 

For eo sufficiently smah, we obtain a constant C4 > such that 

(3.8) I2/I < C4A(a;,0), V(a;, 0, y) e l^^.e^ . 
This inequafity leads to the equivalence 

(3.9) A(x,0,y)~A(x,0) in r]^,eo 

thus the assumption {G2) and p.9p give the estimate (|3.7p . □ 

Using (13. 9p . we have the following result. 

Proposition 3.4. // (x, 6*) ^ a(a;, 61) foeZon^s to r™(K^ x R^), f/ien {x,e,y) ^■ 
a(x,6') 6e/on5s to r^"(R;' x x R;;) n Tl\n^^,„ ),k& {0, 1}. 

4. i^-BOUNDEDNESS AND L^-COMPACTNESS OF F/,. 
Theorem 4.1. Let be the integral operator of distribution kernel 

(4.10) K{x,y;h)^ [ e^'^^'^'-'-'^^^y'^^ a{x,9)d^6 



where dhO = {2TTh)-''d9, a e T]^{R^J^), k = 0,1 and S satisfies (Gl), (G2) 
and (G3). Then F^F^ and F^F^ are h-pseudodifferential operators with symbol 
in r2™(R2»), fc = 0, 1, given by 

a{FhF^){x,d,S{x,e)) ^ \aix,e)\^\{det^)-\x,e)\ 

a{F,:F„){deS{x,9),e) ^ \a{x,9)Wdet -^)-\x,e)\ 

we denote here a = b for a,b e rf{R'^") if {a - b) E r^''"^(M2") and a stands for 
the symbol. 

Proof. For all v E 5(M"), we have: 

(4.11) {FhF*v){x)= f f e-^(^("'^)-^(^'^»a(x,0)a(J,0)dSd0. 



The main idea to show that FhFf^ is a h- pseudodifferential operator, is to use the 
fact that {S{x,9) — S{x,9)) can be expressed by the scalar product {x — x,£,{x,x,9)) 
after considering the change of variables {x,x,9) — >■ {x,x,^ — £,{x,x,9)). The 
distribution kernel of FhFj^ is 

K{x,x;h)= f et(^("''')-^(*'^»a(x,0)a(i,(?)3^. 

We obtain from (l3?6l) that if 



\x — x\> -A (a:, a;, 9) (where e > is sufficiently small) 
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then 

(4.12) \{deS){x,e)-{deS){x,e)\ > ^X{x,x,0). 

Choosing w € C~(R) such that 

w{x) > 0, Vcc e M 

u{x) = l ifa;e[-i,i] 
suppw c] — 1, 1[ 

and setting 

b{x, X, 6) := a{x, 6)a{x, 6) = 6i,e(a:, x, 0) + b2,e{x, x, 0) 

\x — x\ 

6i,e(a;, X, 6) = uj{——-—-)b{x, x, 6) 

eX[x, X, 0) 

62,,(x, X, e) = [l- uj{ )^~-\. mx, X, 0). 
We have K{x, x; h) = Ki^^{x, x; h) + K2^t{x, x; h), where 

Kj,,ixJ::h)= [ e^(^(^'^)-^(^'^»6,-,,(a;,5,0)3;;^, j = 1,2. 
We will study separately the kernels Ki^^ and K2^e- D 
Proof. For all h, we have 

K2Ax,x; h) e 5(R" x M"). 

Indeed, using the oscillatory integral method, there is a linear partial differential 
operator L of order 1 such that 

n 

where L = -ih \{dgS) {x, 9) - {deS) {x, 0)1"' ^ [{de.S) (x, 9) - {de,S) (x, 9)] dg,. 

1=1 

The transpose operator of L is 

n 

*L = ^Fi {x, X, 9; h) de, + G (x, x, 6; h) 

1=1 

where Fi {x, x, 9) G Tq ^ (fie), G (x, x, 9) G T^^ [Ue) 
' Fi (x, X, 9; h) = ih \{deS) (x, 9) - {deS) (x, 9)]'^ {{de,S) (x, 9) - {dg,S) (x, 9)) 
, G (x, X, 9; h) = ihf: dg, f I {deS) (x, 9) - {deS) {x, 9) \ ((5,, S) (x, 9) - {de, S) {x, 9)) 

Q., = {(x,x,6i) gM^"; \deS{x,9)-deS{x,9)\ > ^X{x,x,9)Y 
On the other hand we prove by induction on q that 

{'Lyb2,e {x, x,9)=J2 9j,<i (x, X, 9) d^,b2,e {x, X, 9) , G Tq-^ (O,) , 

|7|<9 

7eN" 
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and so, 



Using Leibnitz's formula, (G2) and the form , we can choose q large enough 
such that 

Va,a',/3,/3'eN'\3a,a',;3,/3' >0, sup x'^x'^' 8^,8^ K2,e{x,x-h) <C^^^,^p^p>. 



Next, we study Kl: this is more difficult and depends on the choice of the 
parameter e. It follows from Taylor's formula that 

S{x,9) - S{x,0) ^ {x - x,^{x,x,9))m,t, 
^{x,x,d)= [ {da:S){x + t{x-x),9)dt. 



We define the vectorial function 

la; — X 



)ax,x,0) + {l-io{- 



'2€X{x,x,e)''^^'~''~'"' ' ^2e\(x,x,e) 
We have ^ 

(z, S, 6') = f (x, X, 0) on supp&i^e- 
Moreover, for e sufficiently small, 

(4.13) \{x,9) ~ \{x,9) ~ \{x,x,9) on supp&i 
Let us consider the mapping 

(4.14) M^" 3 (x, X, 9) [x, X, (x, X, 9)^ 
for which Jacobian matrix is 

/„ 

^ In^ ^ 



)){dxS){x,9). 



We have 
dl 



" (^'^'^)=a^(^'^)+- 



89. 



\x — x\ dX 
~2eX {x,x,9) d9i 
Thus, we obtain 



(x,i,6')A {x,x,9)uj' 



2eX{x,x,9) J \d9i 
if \x-x\ 



{x,x,9) 



d9idxj 



{x,9) 



\2£X (x, X, ( 



39,, 



{x,x,9) 



d9idxj 



{x,9) 



< 



2eX ix,x,9) 



^jix,x,9)-^{x,i 



a|^^'^'^)-a^(-^'^) 



A ^ (x, X, ( 



,/ |x-x| 



\2eX (x, X, 



L {x,x,9) - (x, 
ax, 



Now it follows from (G2) , (|4.13p and Taylor's formula that 

1 



d9i 
(4.15) 



d9idxj 



ix,9) 



< 



d9idxj 



(x + t (x — x) , ( 



d9idxj 



(x,0) 



dt 



< C5|x-J|A"^(x,x,6i), Cs >0 
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< 



— {x + t(x - X) ~ — {x,B) 
oxj oxj 



dt 



(4.16) < C6\x~x\, C6>0 . 

From (I4.15P and (|4.16p , there exists a positive constant Cy > 0, such that 



(4.17) 



9e 



09 



(x, a;, 



dOidxj 



{x,e) 



<Cre, Vi,je{l,...,n}, 



If e < then ((4T7|) and (G3) yields the estimate 

(4.18) 5o/2 < -C£ + (5o < -Ce + det— — (a;,6i) < det9e^^(a:,5,6'), with C > 0. 

oxoO 

If e is such that (|4.13l) and (|4.18l) are true, then the mapping given in (|4.14l) is a 
global diffeoniorphisni of M^". Hence there exists a mapping 



such that 
(4.19) 



6* : R" X M" X R" 9 (x, x,(,) ^ 6 {x, x, C) € 



4 (a;,a;,6'(a;,a;,0) = ^ 



d°'e{x,x,(,) = 0{l), VaeN3"\{0} 
If we change the variable ^ by (x, x, ^) in -ftTi ^ (x, x), we obtain: 



(4.20) (x, x)^ e'<--^'i>bi,e [x, i, e (x, X, 0) 



det — (x,x,0 
9^ 



di. 

belongs 



From ()4.19p we have, for fc = 0, 1, that 6i^£ (x, x, 9 (x, x, ^)) det || (x, x, 

to F^™ (R3") if a e F™ (R^"). 

Applying the stationary phase theorem (c.f. [12], [13] ) to ()4.20|) , we obtain the 
expression of the symbol of the ft,-pseudodifferential operator FuF^: 



a{F,,F*)^h,,{x,S;,9{x,x,0) 



det — (x,x,0 



i?(x,C;/i) 



where i?(x, h) belongs to F^^-^ (^^2n^ -f ^ ^ pm (-]g2«-) ^ fc = q, 1. 

For X = X, we have 6i,e (x, x, 9 (x, x, 5)) = |o (x, 9 (x, x, ^))|^ where 9 (x, x, ^) is 
the inverse of the mapping 9 — > dxS (x, 9) = ^. Thus 

a(F;,F;:)(x,a,5(x,0)) = |a(x,0)|' det^(x,0) . 

such that _ 

^,(x,x,6'(x,x,^)) = ^ 

^^(x, X, ^g(x, X, 0)) = X 

d"9{x, X, C) = 0(1), Va e N^"\{0} 

If we change the variable ^ by 0{x, x, ^) in iiri^e(x, x), we obtain 

r ~ f)9 

KU^,x)^ / e^<-*'«>6i,,(x,f,0(x,5?,O)|det— (x,5?,e)|rf6 
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Applying the stationary phase theorem, we obtain the expression of the symbol of 
the ft.-pseudodifferential operator FuF^, is 



a{FhF;:){x,d^S{x,e)) = |a(x,0)|2|det 



dOdx 



(a:, I 



The distribution kernel of the integral operator F{F^Fh)jF ^ is 
kie,!)) ^ J e-t(s(:^.9)-s(x,e)) -(^^ g,^ ^ 1^^^ 

Remark that we can deduce K{d, 9) from K{x, x) by replacing x by 6. On the other 
hand, all assumptions used here are symmetrical on x and 0, therefore T{F* F)F^^ 
is a nice /i-pseudodifferential operator with symbol 

-1 



a{F{FlFh)F-^) {6,-deS{x,e)) = \a{x,9)\ 
Thus the symbol of F*F is given by (c.f. flQl) 

a{F*F^,){deS{x,e),0) = \a{x,0)f 



□ 



Corollary 4.2. Lef i^/i 6e the integral operator with the distribution kernel 
K{x,y;h)= [ e^(^(^'^'-^^)a(a;,6l)3^ 



where a G T^^i^l^g) and S satisfies (Gl), (G2) and (03). Then, we have: 

(1) For any m such that m < 0, F^ can be extended as a bounded linear mapping 
on L2(R") 

(2) For any m such that m < 0, Fh can be extended as a compact operator on 
L2(M"). 

Proof. It follows from theorem 14.11 that Fj^Fh is a /i-pseudodifferential operator 
with symbol in Tg™ (M^") . 

1) If m < 0, the weight A^™(x, 6*) is bounded, so we can apply the Calderon- 
Vaillancourt theorem (see [11[T2J[T3]) for Fj^Fh and obtain the existence of a positive 
constant 7(rt) and a integer k (n) such that 



where 



}k{n) {(^{F^Fh)) = J2 sup 



Hence, we have Vu G 5(M") 



'i"IIl2(R'«) 



1 1/2 

C(I,2(«")) 



d:d^,aiF*Fh)ideSix,9),9) 



L2(R") ■ 



Thus Fh is also a bounded linear operator on L'^(R"). 

2) If TO < 0, lim A'"(a;, 61) = 0, and the compactness theorem (see [UllIS]) 

show that the operator F^Fh can be extended as a compact operator on L^(M"). 
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Thus, the Fourier integral operator Fh is compact on L^(M"). Indeed, let {(pj)j^t: 
be an orthonormal basis of i^(M"), then 



Since is bounded, we have Wip G 

n 



n—>+oo 



< 



0. 



F*Ff,^p-J2<^P^>KFh^j 



then 



n— )-+oo 



□ 



Example 4.3. VFe consider the function given by 



S{x,6)= Co,,&x<^e^ for {x,e) e 

|a| + |/3|=2 

where Ca,0 are real constants. This function satisfies (Gl), (G2) and (G3). 
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[3 

[4 
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